Chapter 1 Kinematics of a particle

Examples are force (ﬁ ), displacement (E)) and velocity (V). A vector is
represented by an arrow at the given angle. The head of the arrow indicates the sense, and
the length usually represents the magnitude of the vector.

Vectors are usually described in terms of their components in a coordinate system.
It means that when working with vectors in mathematics or physics, they are often
represented or characterized by specifying their individual parts (components) within a

particular coordinate system. In a three-dimensional space, this coordinate system might
be represented as (i’,j’, E) or (x,v,z). Each component indicates the vector's magnitude
along a specific direction within that coordinate system, allowing for a comprehensive
description of the vector's properties.

Example: It is required to represent A(x4, V4, Z4) and B(xg, Y5, Zg ), that are two particles’
positions, in an orthogonal basis (Oxyz) and then draw the vector AB. It is assumed that
their components are positive and that (x, < x5,y4 < ¥g,Z4 < Zg). We start by

representing the positions 4 and B :
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Chapter 1 Kinematics of a particle

Both points A(xy4, y4,24) and B(xg, yp, Zg) must be represented in the same orthogonal

basis (Oxyz) to draw the vector (E), and it appropriately introduces the following figure

for further illustration.
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The vector (ﬁ) can be written as follows:

E = (xp _xA)i)_*'(yB _yA)]_)_*_(ZB _ZA)E

If we consider V = E, we obtain :

—_—

V=4B =(xz—x) T+ s —y) ]+ @ —2z)k

Knowing that :
I7 = xVi)+yV]—>+ZV E

Hence, the components of V are :

Its magnitude is :

[l = s + 3 + 2 = VG~ 57 7 a3 (a2
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Chapter 1 Kinematics of a particle

a. The unit vectors
A unit vector is typically denoted as follows :
v A unit vector has a magnitude of 1 (eg. ||l_j || =1)
v" Unit vectors are often used to describe the direction of a given vector
v A unit vector is a vector of unit magnitude used to specify a particular
spatial direction
In three-dimensional space, the unit vectors along the x, y, and z axes are

correspondingly designated as :

~J

1. L :along the x-axis and it has components (1, 0, 0)
ii. j :along the y-axis and it has components (0, 1, 0)

iii. k : along the y-axis and it has components (0, 0, 1)
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These unit vectors are essential in describing the direction of other vectors in three-

dimensional space.
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Chapter 1 Kinematics of a particle

To create a unit vector in a specific direction, you divide the vector in that direction by its

magnitude. Note that the magnitude of this unit vector effectively normalizes its length

01 (7] = 1),
AB

l_j = —
|45

Where (||A—B>||) is the magnitude of the vector (E) and (l_j ) is the unit vector associated
with (AB).

b. Operations on vectors

Several arithmetic operations can be performed on vectors, including addition,
subtraction and multiplication. Consider the two following vectors V and G where:

‘7=xV_l)+yvj_)+Zvl_()

-

5 =xG_l)+yG]_)+ZGk

+ Addition of two vector

V+G= oy +x5) T+ y +y5) T+ (ZV+ZG)E
+ Subtraction of two vectors

V-G= ey —xg) T+ oy —ye) T+ (ZV_ZG)E
+ Multiplication

o Scalar multiplication (4 : constant)
AV =20, +yJ+zk)
AV =Ax, 0+ Ay, J+Arz k
o Dot Product (Scalar Product)
V-G =7l ]| coso
Remark:

1-7=jJ=k-k=1(0=0"=cos0=1)

1:j=T-k=Jk=0(0=90" = cos90 = 0)
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Chapter 1 Kinematics of a particle

The dot product (scalar product) between V and K can be developed as shown bellow:
V-G = (e T+ ] +z E) (xT+ye] + 2g I_c))

Al (= Q (=1 =i
Il Il Il Il
-

VeG=0y xg) T T4+ (xy-ye) U ]+ (xp Zc)l k‘*‘()’v X)) T+ Qv ye) )T
+(J’V'ZG)]_)'k+(ZV'xa)k'?‘i‘(ZV'YG)k'j+(ZV'ZG)k'k

I I Il I
(=) (=) (=) =

The final result is :

-

V-G=(ty-xg)+ Oy yo)+ (zy - 25)

o Cross Product (Vector Product)
7 7G| = |7 |é] -sin6

Remark:

The cross product (vector product) between V and K can be developed as shown bellow:
‘_/)/\ é) = (xV_l,)+yv7+ ZV E) N (.XG_I,)‘I' ij)‘I' ZG ]_())

VAG = (xy x)IAT+ Gy ye) INT+ Oy 2e) INK+ (yy - x5) JAT
\ 0; e \_Y_J Jjﬁﬁ

=k ="—j
+ Oy - YG)\]_/Y\_]}'l' (v - ZG)RI__Hk + (zy - x G)\k_:Y_]} [+ (zy - ¥6) g\é

+ (zy - 26) (‘_Yj

VAG = Cev - v6) K+ (v zg) (=) + v~ x6) (_E) + O ze) 1+ (zv - x6) ]
+ (zv - y6) (-0
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Chapter 1 Kinematics of a particle

VAG = v ze) U+ (zy - ye) (CD + (2 - x6) T+ (xy - 26) (—f)-}—(xv-ya)l_é
+ Gy - x6) (_I_())

I7>/\G_>=(}’V'ZG —zy Ye) L+ (y " zg — 2y " x5) ] + Xy Yo — Yy x6) k

This result can be found using the determinant method as follows:

I7AG_>=(yV'ZG_ZV'yG)?_(xV'ZG_ZV'xG)]_)_*_(xV'yG_yV'xG)E

I.1.2.4. Coordinate systems

A coordinate system is a mathematical framework used to represent the positions of points
or objects in space, whether in two-dimensional or three-dimensional settings. It provides
a way to describe the location of points (particle/moving-object) using numerical values
called coordinates.

Example: The illustration in the ensuing figure depicts the representation of M(X,Y, Z)
in the orthogonal basis (Oxyz). Here, (X,Y,Z) represent the components of M,

while (i’,f, E) denote the unit vectors associated with the axes (Ox, Oy, Oz), respectively.
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In the ensuing sections, the physical quantities such as position vector (0—1\71), velocity (I7)

and acceleration (d) will be expressed in the various types of coordinate systems:
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Chapter 1 Kinematics of a particle

A. Cartesian Coordinate System:
i. 2D Cartesian Coordinate System:
In the 2D Cartesian coordinate system, points are located using two numerical
values: x and y. The point (0,0) is called the origin, and it is the intersection of the

x-axis (horizontal) and the y-axis (vertical).
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v’ Position vector (OM) :
OM=Xi+Y]

v’ Velocity vector (V) :

V=——=— (X747
V=—gr =& i+YD
= sy
e/ T J
dx v iy v dy v
_ax a _ar _
*dt Yoo dt
V|| = vz +v?
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Chapter 1 Kinematics of a particle

v’ Acceleration vector (@) :

ﬁ_ﬁaﬁ_dv_d2m9+yj_d(vé+vﬁ
T Tar ae T T g\t

ii. 3D Cartesian Coordinate System:
The 3D Cartesian coordinate system extends the 2D system by adding a third

dimension, the z-axis (vertical, extending in and out of the plane defined by the x

and y axes).

OM=XT+Y] +Zk

|0M]| = VX2 + Y2 + 22

13|Sedrati



Chapter 1 Kinematics of a particle

v Velocity vector (V) :

V—dOM—d(X*+Y*+ZE)

T Tdr ac

L odx . dYy . dZ_ I

V=—"wil+—]+—k=X'"T4+Y'j+272"k
t t dt

S_dX_ A _dz_

*odr Yodt 25 dt

d*0M _dV _ d?

i=—5 —E=ﬁ(X?+Yj+ZE)=%(fo+vyj+vzﬁ)
L, d*X ., d* , d*Z . aV,, dV, , dV, .
azdt2l+dt2]+dt2k=dtl+dty]+ﬁk
A=X"T+Y"]+Z2"k=V I+ ]+ Vk
a,=X"=V a, =YY"=V a,=2"=V,
Il = o + a5 + a3
Example:

The position vector (O_M) of a moving particle is written as follows:
OM = (t3+2t)T+3t2]+ 3tk
a. Represent (O_M) in the orthogonal basis (Oxyz) and find its magnitude at t = 1 sec

b. Find the velocity vector (V) and its magnitudes ||I7|| att = 1 sec

¢. Find the acceleration vector (@) and its magnitudes ||d|| at t = 1 sec
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Chapter 1 Kinematics of a particle

Solution:
a. Att = 1 sec the formula of the position vector (O—IVf) 1S :
OM(t=1sec)=(12+2x1)7+(Bx12)j+(Bx1)k
OM(t=1sec) =37+3]+3k

. M(3,3,3
~ " (3,3,3)
i v=3
Ji Y
X =3/ il
x M'(3,3)

The position vector magnitude is: ||07ﬂ| =+32+324+32=+27=52m

b. Velocity:

V=" =%((t3 +20) T+ 327+ 3tl_€)
=l (3 + 2t)?+i (3t)) 7 +i(3t)7€ =@t2+2)T+6t7+3k
dt dt dt
Then: V= (3t2+2)T+6t]+3k,att =1sec:V=5{+6]+3k
The velocity magnitude is: ||I_/)|| =52 + 6% + 32 =70 = 8.37 m.sec™!
a. Acceleration:
dv

d R
—>:_:_ 2 2—> -
a T dt((St + )l+6t]+3k)

17—d (3t2+2)*+d 6t *+d Nk=(6t)T+67]
Then: d=(6t)T+6,att=1sec:da=61+67]

The acceleration magnitude is: ||d|| = V62 + 62 = V36 = 6 m.sec™?
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