Chapter 1 Kinematics of a particle

B. Polar Coordinate System:
Polar coordinates are a way of representing points in a two-dimensional system. Unlike
the typical Cartesian coordinates (x, y), which use perpendicular axes, polar coordinates

use a distance from a reference point (origin) and an angle relative to a reference direction.

Y

2 Position of the particle
(moving object)

A 4

Origin

In polar coordinates, a point (moving object) is described by its distance from the origin
(denoted by "p") and the angle formed by the line connecting the point and the origin
with the reference direction (usually the positive x-axis), denoted by "8" (theta).

The representation of a point in polar coordinates is written as (p, 8), where "p" is the
radial distance and "8" is the angle in standard position.

(Up), U_(;) represent the unit vectors in polar coordinates, similar to how (1, J) represent the
unit vectors in cartesian coordinates.

1. U_p) : Associated with changes in the distance (p)

11. UT; : Related to changes in the angle (0)

0(0,0) 1

As mentioned above, it is evident that polar coordinates are linked to Cartesian
coordinates. This is why a relationship between Cartesian coordinates (x, y) and polar

coordinates (p, 0) can be expressed as follows:
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Chapter 1 Kinematics of a particle

X =p-cosb

y=p-sinf
Converting between polar and Cartesian coordinates requires utilizing trigonometric
functions to establish the relationship between distance p and angle 8 with the x and y
coordinates.

This process works in both directions, allowing one to determine the distance and angle

from given x and y coordinates or to find x and y coordinates from a given distance p and

angle 6.
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v’ Position vector OM : The position vector in polar coordinates, like any vector, equals

the product of its magnitude (||0_M||) and its associated unit vector (Fp)).
ovi = |[ow|| - T,

Given that the magnitude (||0_M||) corresponds to the distance (p), the polar position

vector can be represented as follows:
[oM]| = p =0 = -T;
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Chapter 1 Kinematics of a particle

Much like the relationship between cartesian coordinates (x,y) and polar coordinates

(p, 0), a direct correlation between the unit vectors of both systems (7, J) and (Fp), U_9>) can

be established by projecting (Up), U—g)) onto the x and y axes.

Projection onto x-axis:
U, = T;)| - cos 81+ || sin6
Given that the magnitude of the polar unit vector, ||U,|| = 1, then:
Up) =cosOT+sinbj
Projection onto y-axis:
Uy = |[Ug]| - sin6 (=0 + ||Ug]| - cos 6 }

Uy = — ||U;|| sinf 7+ ||ZI;|| ~cosO ]

Considering that the magnitude of the polar unit vector is ||U(;|| = 1, then:
U, =—sinf i+ cos6 J

v" Velocity vector: The velocity vector (I7) is the derivative of the position vector (071)

with respect to time (t).

dW’

V= dt (p P)

_ d —
V=E(P)'U +p- d( b) = VU, +V Up

The solution of the derivative (% (Fp))) is presented below:

d d
— Up) =—(c059 T+ sinf )

d

d
a )——c059)1+—(sm9)]

. d — —
Given —U, = U,, therefore:
dt P P

d_,__',_d _)d. -
220 = s = (G cos o) T+ (i)
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Generally, both p and 6 change over time, which is why their derivatives can be

expressed as follows:

deo dcos@ d9 dcosG
d9 dt dt dé

d

—(cos 0) =
d p _de % (—sin 6)
It (cos )_dt sin

Y -
Considering il 0, thus:

d .
E(cose) =—60-sinf

Similarly:
d g deo dsin@_d@xdsinB
T T R T TR T
do d )
—(sm 0) =— >< (cosB) = —(sm 0) =6 -cos0
SO d —_ — . . - . N o . N
’ d—Up=Up=—9-51n91+9-c050]=9(‘—51n91+c059j,’)
t —
=U,
Hence:
dU 6-U,
dt o

Finally, the velocity vector can be depicted as follows:
V=p T +p 0-T;

We deduce that the polar components of the velocity vector (l_/)) are :
V, =pandVy =p-6

v" Acceleration vector: The acceleration vector (@) is either the derivative of the velocity

vector (17) or the second derivative of the position vector (0—1\71) with respect to

time (t):
. _dV _d*0M
T T e
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Chapter 1 Kinematics of a particle

Upon substitution, the expression for the acceleration vector (d) becomes:

. d?0M _ dz( ) = d d( 7)
T Taee ) T gi\ae e
=V
The expression for acceleration (d) can be developed by taking the derivative of the

velocity components with respect to time as follows:

;W _d U, 6-U
T T dt( +p0-Up)

Expanding this derivative will provide the expression for the acceleration in polar

coordinates:
d= GRS (p 6 - Uy)
i= ) Ty p )+—<p>-9-u—9’+p-—(9)m+p-e-i@)
dt dt dt dt

To expand on this, the derivative of the unit vector (79)) with respect to time can be

developed as follows:

d —> d . -
o Up) —a(—smﬁ 1+ cos6))
d —. d d
a(Ug) = E(_ sinf) T+ E(cos 0)j
Given %U_(; = U_.(;, hence:

d — — d . ., d >
E(UG) = U = (E (—=sinB)) T+ (E (cos0)) J

Simplifying this formula by substituting the derivative of cos 8 and sin 8 with respect to

time results in;:

d — = . L s _ . .
EUQ =Ug=—60-cosf1+ 0 (—sinfh)j =—0(§1n91+c059f,)

—

p

Therefore, the derivative of (79)) with respect to time is expressed as:

dU 6-U.
dr ¢~ p
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Chapter 1 Kinematics of a particle

The replacement of various terms in the acceleration vector (a) is expressed as:

=ﬁ.7p)+p'.é.79)+p.é-U_9)+p-9..(_é-7[;)

Q

A=p-Uy+p-0-Ug+p-0-Ug+p-6-Ug—p-6%-T,

Upon rearranging the previous relationship, the final formula for the acceleration vector

(d) in polar coordinates is expressed as:
i=(p-p 6°)U,+(p-6+2p-6)Uy
We deduce that the polar components of the acceleration vector (d) are:

a,=p—p-6*and ag=p-6+2p-6

Exercise:
Given a particle moving in the plane with position defined in polar coordinates as P(p, 6),

where p represents the radial distance from the origin and 6 is the angle with respect to a

reference axis. Given p = 2t and 6 = gt.

1. Express the position vector OM of the particle in terms of Cartesian coordinates (x, y).
2. Determine the velocity vector V of the particle in terms of the unit vectors Fp) and UT;

3. Find the expression for the acceleration vector d in polar coordinates.

Solution

1. The position vector (OM) expressed in terms of Cartesian coordinates x and y using

polar coordinates p and @ is as follows:

The position vector is defined in Cartesian coordinate as follows: OM = x T+ y ]

Given: x= p-cosfandy = p-sinb
Therefore: OM=p-cos@ T+p-sinf j

By substituting the polar coordinate values p = 2t and 6 = %t, into the expression for

the position vector, the result is:
T - . A -
OM = 2t - cos (;t) 1+ 2t- sm(gt)]
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2. The expression for the velocity vector (17) in terms of polar coordinates p and 6 is
developed through differentiation as follows:

Initially, the velocity is represented as:

V="n——= d(Zt COS— tU + 2t - sin— tUg)
dt 3

3
I7=%(2t-cos%t7p)) +%(2t-sin%tU_9))

Expanding the differentiation according to the derivative rules and applying the given

derivatives related to t and the unit vectors, we derive:
- d T \ — d T
vV =a(2t)-cos(§t) U, +2t-a(cos(3 )) U, +2t- cos( ) ( )

+%(2t)-sin(gt)w+2t-%(sin(§ )) Ug + 2t - sm( ) ( 9)

Let's replace the given derivatives and relations involving the unit vectors into the

previously derived expression for the velocity vector (17)) to simplify it accordingly.

Given:

d
E(Zt) =2
© (cos (51)) = 2 sin (3

& (sim (50) =7 cos (51)

(@) = 0T; nd £(T7) =0T

Now let's substitute these derivatives and relations into the expression for the velocity

vector (17) to simplify it:

V=2- 005(3 )U + 2t - (—%sin(g ))U + 2t - cos( ) (HUQ)

+2-sin(gt)_U;+2t-(gcos(§ )) Ug + 2t - sm( ) ( 9U)

The rearranged formula for the velocity vector (17) becomes:
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Chapter 1 Kinematics of a particle

= [2-005 (gt) — 20¢t-sin (gt) —Z—nt-sin (Et)]ﬁp>

3 3
+ [Z'Sil’l (gt) +20¢t-cos (gt) +2?nt-cos (gt):lU_g)

3. The expression for the acceleration vector (d) in terms of polar coordinates p and 0 is
developed through differentiation as follows:

Initially, the acceleration is represented as:

L, d*oM d?

a=W dtZ(Zt cos3tU + 2t - 51n3tU9)
, d? T — d? LT —

a=W(2t-cos§tUp)+W(2t-sm§tU9)

Expanding the differentiation according to the derivative rules and applying the given

derivatives related to t and the unit vectors, we derive:

G d2 (Zt) coS(3 )U + 2t - ;—Zz(cos(g ))U + 2t - COS( )dz( )

2

+W(2t) sm(3 )U9+2t ;—Zz(sm(g )) Ug + 2t~ sm( )dtz (UH)

Let's replace the given derivatives and relations involving the unit vectors into the

previously derived expression for the acceleration vector (a) to simplify it accordingly.

Given:
d2
W(Zt) =0
d? 2
= (cos (’; t))=- (%) cos (%t)

2

o Gin (o) =~ () sim (G)

L (T,) = 6T - 6°T, and - (U5) = ~6 T, + 62T,

Now let's substitute these derivatives and relations into the expression for the acceleration

vector (I7) to simplify it:
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a= 2t-<— (g)z cos (gt» U, + 2t - cos (gt) -(6 Uy — 62U,)

+2t-(—(g)

The rearranged formula for the acceleration vector (d) becomes:

2sin (gt)) U, + 2t - sin (gt) - (—677,; + H'ZU_Q))

Ei=—[29t-sin(%t)+ 2t-(§)2-cos(gt)+292t-cos(gt)]ﬁl;

260 cos(Ge)— 2t (3) sin(5e) +26% ¢ sin(50)| 05

C. Cylindrical coordinate systems
Actually, the cylindrical coordinate system is an extension of the 2D polar coordinate
system into 3D space. It involves specifying a point in space using three components
(p, 8, z). The three components in cylindrical coordinates are:

1. p: The radial distance from the z-axis to the point in the xy-plane.

2. 0: The angle measured counterclockwise from the x-axis to the projection of the

point onto the (x, y)-plane.
3. z: The height or vertical position above (or below) the (x, y)-plane.

Ak

/</'ﬁg
Uy
SR ol J \ .
[ 5 4 Ug y
M
X Up

Within the cylindrical coordinate system, we can define position, velocity, and

acceleration similar to other coordinate systems, though with some variations in terms of

the variables used and their transformation.
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v’ Position vector (OM)

The position vector in cylindrical coordinates, (OMCyl_), is defined as the sum of the

position vector in polar coordinates, (OM PO,_), and the vertical component (z E)

This can be described as:

OMcy, = OMp, + 2k

In vector form, this relationship is written as:

Where:
o p:is the radial distance from the z-axis to the point in the (x, y)-plane.

« z:is the vertical position above (or below) the (x, y)-plane.

. UT, : 1s the unit vector in the radial direction.

e k:isthe unit vector in the vertical direction.

So, the position vector in cylindrical coordinates can be expressed as the sum of the

position vector in polar coordinates and the vertical component (Z E)

v Velocity vector (V)

The velocity vector in cylindrical coordinates, denoted as (chl_), is a combination of the
velocity vector in polar coordinates, (Vpol_), and the first derivative (rate of change) of

the vertical component (Z K ).
Voot = 3 (OMyy) = - [0¥pgr + 2 K] = = (Oar) + ()
Vho) @
The velocity in cylindrical coordinates can indeed be expressed as:
Veyr. = Vpor. + 2 k

With the representation of the velocity vector in polar coordinates as:

Voo =p Uy +p-6-Ug

25|Sedrati



Chapter 1 Kinematics of a particle

The transformation to the velocity vector in cylindrical coordinates is accurately

described as:
VCyl. =p'Fp)+p'9'U_9)+ZI_{)
Where p, 8 and z are the rates of change of p, 6, and z with respect to time, respectively.

v Acceleration vector ()
The acceleration vector in cylindrical coordinates, denoted as (acyl_), is a combination of
the acceleration vector in polar coordinates, (ap,; ), and the second derivative (rate of

change) of the vertical component (7 k ). Two relationships can

The calculation of the acceleration in cylindrical coordinates (acyl_) from position

(OMCyl.) involves the second derivative of the position vector with respect to time. It's

correctly derived as:

A& L& (d%2)
acyl. = E(OMC)’L) == W [OMPOZ. +z k] s

' —> .o
=(apo) = (%)
The acceleration in cylindrical coordinates (Clez.) 1s also derived from the derivative of

the velocity in cylindrical coordinates (chl_). It is accurately represented as:

. d o d o d o ddy
Acyl. = a (VCyl.) = E [VPol. +z k] = E (VPOl-) + (E) k
= (@por) = (%)

The acceleration in cylindrical coordinates can indeed be expressed as:

Acyr. = Apor. +Z k
With the representation of the velocity vector in polar coordinates as:
o =(p—p-62)U,+(p-0+2p-0)U,

The transformation to the acceleration vector in cylindrical coordinates is accurately

described as:

A =(p—p- 06U, +(p-6+2p-0)TUg+7k

25|Sedrati



